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Abstract. Four quotient monoids over step sequences and one with
compound generators are introduced and discussed. They all can be re-
garded as extensions (of various degrees) of Mazurkiewicz traces [14] and
comtraces of [10].

Keywords: quotient monoids, traces, comtraces, step sequences, strati-
fied partial orders, stratified order structures, canonical representations.

1 Introduction

Mazurkiewicz traces or partially commutative monoids [1, 5] are quotient monoids
over sequences (or words). They have been used to model various aspects of con-
currency theory since the late seventies and their theory is substantially devel-
oped [5]. As a language representation of partial orders, they can nicely model
“true concurrency.”

For Mazurkiewicz traces, the basic monoid (whose elements are used in the
equations that define the trace congruence) is just a free monoid of sequences. It
is assumed that generators, i.e. elements of trace alphabet, have no visible inter-
nal structure, so they could be interpreted as just names, symbols, letters, etc.
This can be a limitation, as when the generators have some internal structure,
for example if they are sets, this internal structure may be used when defining
the set of equations that generate the quotient monoid. In this paper we will
assume that the monoid generators have some internal structure. We refer to
such generators as ‘compound’, and we will use the properties of that internal
structure to define an appropriate quotient congruence.

One of the limitations of traces and the partial orders they generate is that
neither traces nor partial orders can model the “not later than” relationship [9]. If
an event a is performed “not later than” an event b, and let the step {a, b} model
the simultaneous performance of a and b, then this “not later than” relationship
can be modelled by the following set of two step sequences s = {{a}{b}, {a, b}}.
But the set s cannot be represented by any trace. The problem is that the trace
independency relation is symmetric, while the “not later than” relationship is
not, in general, symmetric.
⋆ Partially supported by NSERC grant of Canada.
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96 Kapitel 5: Algebraische Spezifikationen und Ersetzungstheorien

Definition 5.1 Zu binären Relationen R ⇤ A � B und S ⇤ B � C
wird wie üblich ihre Komposition als R ⇥ S := {(x, z) ⌦ A � C|↵y ⌦
B : (x, y) ⌦ R � (y, z) ⌦ S} definiert. Daraus werden die folgenden
Definitionen abgeleitet:

a) 0⌃ := {(x, x)|x ⌦ A)} die identische Relation

b) i+1⌃ := i⌃ ⇥ ⌃ die i + 1-fache Komposition
(i ⌅ 0)

c) +⌃ :=
�

i>0
i⌃ der transitive Abschluss

d) ⇥⌃ := +⌃ � 0⌃ der reflexive und transitive
Abschluss

e) =⌃ := ⌃ � 0⌃ der reflexive Abschluss

f) �1⌃ := ⇧ := {(y, x)|x⌃ y)} die inverse Relation

g) � := ⌃ � ⇧ der symmetrische Abschluss

h) +� := (�)+ der transitive und symmetri-
sche Abschluss

i) ⇥� := (�)⇥ der reflexive, transitive und
symmetrische Abschluss

Wir benutzen folgende Terminologie: x heißt reduzibel , falls x ⌃ y für
ein Element y. y heißt dann direkter Nachfolger von y. x heißt irreduzibel
oder in Normalform, falls x nicht reduzibel ist. y ist eine Normalform
von x, falls x

⇥⌃ y und y in Normalform ist. Falls diese Normalform
eindeutig ist, so wird sie durch x⌥ bezeichnet. y heißt Nachfolger von
x, falls x

+⌃ y. x und y heißen konvergierbar (abkürzend: x⌥y), falls
x

⇥⌃ z
⇥⇧ y für ein Element z.

Definition 5.2 Einer Reduktion ⌃ werden folgende Eigenschaften zu-
geschrieben:

a) Church-Rosser, falls x
⇥� y  x⌥y (vergl. folgende Abb. links)

b) konfluent, falls y1
⇥⇧ x

⇥⌃ y2  y1⌥y2 (vergl. folgende Abb. mitte)

b) semikonfluent, falls y1 ⇧ x
⇥⌃ y2  y1⌥y2 (vergl. folgende Abb.

rechts)

c) terminierend, wenn es keine unendliche Folge a0 ⌃ a1 ⌃ a2 ⌃ · · ·
gibt.

FGI 3 2007

5.2 Reduktionssysteme 97

d) normalisierend, falls jedes Element eine Normalform hat.

e) konverent, falls es konfluent und terminierend ist.

Beispiel 5.3 1. Sei A := N\{0, 1} und x ⇤ y :⌃ x > y  x teilt y.
Dann ist x genau dann in Normalform, wenn x Primzahl ist. y ist eine
Normalform von x, wenn y ein Primfaktor von x ist. Ferner ist x⌅y,
wenn x und y einen gemeinsamen Teiler haben und es gilt: +⇤=⇤ und
�⇧= A � A. Die Reduktion ist terminierend, aber nicht Church-Rosser
oder konfluent.
2. Sei A := {a, b}� und x ⇤ y :⌃ �u, v ⌥ A : x = ubav y = uabv. Dann
ist x genau dann in Normalform, wenn x von der Form anbm (n, m ⇥ 0)
ist. Dies ist eine eindeutige Normalform, also x⌅. Es gilt x⌅y ⌃ x

�⇧
y ⌃ ”x und y enthalten die gleiche Anzahl der Zeichen a bzw. b.“ Die
Reduktion ist terminierend, Church-Rosser und konfluent.

5.2.2 Konfluenz

Satz 5.4 Die folgenden Aussagen sind äquivalent:

1. ⇤ hat die Church-Rosser-Eigenschaft.

2. ⇤ ist konfluent.

3. ⇤ ist semi-konfluent.

Beweis:

FGI 3 2007

grünes Beispiel:
A = {2, 3, 4, · · · }

x� y :⇥ x > y ⇤ y|x

�⇥= A�A
nicht Church-Rosser

3.11.
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 D. Gries: The Science of Programming (Springer, 1981) [T GRI]
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Verteilte 
Basisalgorith men 

Springer-Verlag 
Berlin Heidelberg New York 
London Paris Tokyo Hong Kong 

4 Verteilte Terminierung 

Das auf den ersten Blick einfach erscheinende Problem festzustellen, ob eine verteilt 
ablaufende Berechnung beendet ist, ist tiberraschenderweise nicht trivial. Es handelt 
sich dabei um eine Fragestellung, die erst bei verteilten Systemen auftritt und im se-
quentiellen Fall tiberhaupt nicht existiert: Bei sequentiellen Programmen ist zwar i.a. 
auch von vornherein nicht entscheidbar, ob ein Programm terminiert - wenn zur Lauf-
zeit das Programmende erreicht wird, so kann diese Tatsache jedoch problemlos als 
solche erkannt und nach "auGen" gemeldet werden; es ist also einfach feststellbar, dafJ 
ein sequentielles Programm beendet ist. Genau dies ist bei verteilten Programmen 
schwierig, da temporltr terminierte Prozesse durch eintreffende Nachrichten, die von 
noch aktiven Prozessen ausgesendet wurden, wieder reaktiviert werden konnen. 

Das sogenannte Problem der verteilten Terminierung laSt sich als ein spezielles 
SchnappschuSproblem auffassen, bei dem der festzustellende globale Zustand die 
Eigenschaft hat, daB alle Prozesse terminiert sind und keine Nachrichten mehr unter-
wegs sind. Offensichtlich ist die so definierte globale Terminierung ein stabiles 
Priidikat des Systemzustands. Das erstmalig um 1980 unabhiingig von Francez 
[FRA79a, FRA80a] sowie Dijkstra und Scholten [DIS80a] beschriebene Problem stellt 
einen der am besten untersuchten Aspekte verteilter Berechnungen dar, alleine bis zum 
Jahr 1987 sind tiber 50 LOsungsvorschlage veroffentlicht worden (vgl. dazu die 
Literaturreferenzen in [MA T87 a]); in jtingster Zeit ist noch eine ganze Reihe weiterer 
Veroffentlichungen mit einer tiberraschenden Vielzahl z.T. sehr unterschiedlicher 
LOsungsalgorithmen (im folgenden oft einfach verkiirzt mit "Terminierungsalgo-
rithmen" bezeichnet) hinzugekommen. 

4.1 Einleitung 

Das Problem der verteilten Terminierung kann zunachst informell so formuliert wer-
den: 

Wie kann in einem verteilten System Jestgestellt werden, daB eine verteilte 
Berechnung beendet ist? 

Da jeder ProzeS zunachst nur fUr sich selbst entscheiden kann, ob er terminiert ist (d.h. 
hOchstens noch aufgrund einer empfangenen Nachricht wieder aktiv wird), jedoch 
keine konsistente globale Sicht auf das Gesamtsystem hat, ist das Problem keineswegs 

F. Mattern:  Verteilte Basisalgorithmen,  
Springer, Berlin, 1989

G. Tel: Introduction to Distributed Algorithms 
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H. Attiya, J. Welch:  Distributed Computing,  McGraw-Hill, London, 1998 

Skript: Abschnitt 8.5 aus !
http://www.informatik.uni-hamburg.de/TGI/lehre/vl/SS11/VAlg/sec/Kap5-VA(broadcast)-skript.pdf
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 9 Springer-Verlag 1985 

The Residue of Vector Sets with Applications 
to Decidability Problems in Petri Nets 

Riidiger Valk and Matthias Jantzen 
Fachbereich Informatik (TGI), UniversitM Hamburg, Rothenbaumchaussee 67, 
D-2000 Hamburg 13, 
Bundesrepublik Deutschland 

Summary. A set K of integer vectors is called right-closed, if for any 
element __reeK all vectors m ' > m  are also contained in K. In such a case K is 
a semilinear set of vectors having a minimal generating set res(K), called 
the residue of K. A general method is given for computing the residue set 
of a right-closed set, provided it satisfies a certain decidability criterion. 

Various right-closed sets wich are important  for analyzing, constructing, 
or controlling Petri nets are studied. One such set is the set 
C O N T I N U A L ( T )  of all such markings which have an infinite continuation 
using each transition infinitely many times. It is shown that the residue set 
of C O N T I N U A L ( T )  can be constructed effectively, solving an open prob- 
lem of Schroff. The proof  also solves problem 24 (iii) in the EATCS- 
Bulletin. The new methods developed in this paper  can also be used to 
show that it is decidable, whether a signal net is p rompt  [23] and whether 
certain co-languages of a Petri net are empty or not. 

It is shown, how the behaviour of a given Petri net can be controlled in 
a simple way in order to realize its maximal central subbehaviour, thereby 
solving a problem of Nivat  and Arnold, or its maximal live subbehaviour 
as well. This latter approach is used to give a new solution for the bankers 
problem described by Dijkstra. 

Since the restriction imposed on a Petri net by a fact [11] can be 
formulated as a right closed set, our method also gives a new general 
approach for , , implementations" of facts. 

1. Introduction 

The basis of many decision procedures in vector addition systems or Petri nets 
is the so called "proper ty  of monotonicity".  To give an example: if a sequence 
of transitions can fire in a given marking, this must also be possible in any 
marking that is (componentwise) not smaller. In particular, a marking is 
unbounded if for any integer n there is a place p and a firing sequence w, such 

Nets with Tokens Which Carry Data

Ranko Lazić1,⋆, Tom Newcomb2, Joël Ouaknine2,
A.W. Roscoe2, and James Worrell2

1 Department of Computer Science, University of Warwick, UK
2 Computing Laboratory, University of Oxford, UK

Abstract. We study data nets, a generalisation of Petri nets in which
tokens carry data from linearly-ordered infinite domains and in which
whole-place operations such as resets and transfers are possible. Data
nets subsume several known classes of infinite-state systems, including
multiset rewriting systems and polymorphic systems with arrays.

We show that coverability and termination are decidable for arbitrary
data nets, and that boundedness is decidable for data nets in which
whole-place operations are restricted to transfers. By providing an en-
coding of lossy channel systems into data nets without whole-place oper-
ations, we establish that coverability, termination and boundedness for
the latter class have non-primitive recursive complexity. The main result
of the paper is that, even for unordered data domains (i.e., with only the
equality predicate), each of the three verification problems for data nets
without whole-place operations has non-elementary complexity.

1 Introduction

Petri nets (e.g., [1]) are a fundamental model of concurrent systems. Being more
expressive than finite-state machines and less than Turing-powerful, Petri nets
have an established wide range of applications and a variety of analysis tools
(e.g., [2]).

The analysis tools are based on the extensive literature on decidability and
complexity of verification problems ([3] is a comprehensive survey). In this paper,
we focus on three basic decision problems, to which a number of other verification
questions can be reduced:

Coverability: Is a marking reachable which is greater than or equal to a given
marking?

Termination: Are all computations finite?
Boundedness: Is the set of all reachable markings finite?

By the results in [4,5], each of coverability, termination and boundedness is
ExpSpace-complete for Petri nets.

Many extensions of Petri nets preserve decidability of various verification
problems. Notably, affine well-structured nets were formulated in [6] as an el-
egant extension of Petri nets by whole-place operations. The latter are resets,
⋆ Supported by the EPSRC (GR/S52759/01) and the Intel Corporation.

J. Kleijn and A. Yakovlev (Eds.): ICATPN 2007, LNCS 4546, pp. 301–320, 2007.
c⃝ Springer-Verlag Berlin Heidelberg 2007

Computing Minimal Elements of Upward-Closed
Sets for Petri Nets

Hsu-Chun Yen⋆ and Chien-Liang Chen

Dept. of Electrical Engineering, National Taiwan University
Taipei, Taiwan 106, Republic of China

yen@cc.ee.ntu.edu.tw

Abstract. Upward-closed sets of integer vectors enjoy the merit of hav-
ing a finite number of minimal elements, which is behind the decidability
of a number of Petri net related problems. In general, however, such a
finite set of minimal elements may not be effectively computable. In this
paper, we develop a unified strategy for computing the sizes of the min-
imal elements of certain upward-closed sets associated with Petri nets.
Our approach can be regarded as a refinement of a previous work by Valk
and Jantzen (in which a necessary and sufficient condition for effective
computability of the set was given), in the sense that complexity bounds
now become available provided that a bound can be placed on the size
of a witness for a key query. The sizes of several upward-closed sets that
arise in the theory of Petri nets as well as in backward-reachability analy-
sis in automated verification are derived in this paper, improving upon
previous decidability results shown in the literature.

1 Introduction

A set U over k-dimensional vectors of natural numbers is called upward-closed (or
right-closed) if ∀x ∈ U, y ≥ x =⇒ y ∈ U . It is well known that an upward-closed
set is completely characterized by its minimal elements, which always form a
finite set. Aside from being of interest mathematically, evidence has suggested
that upward-closed sets play a key role in a number of decidability results in
automated verification of infinite state systems [1,4,6,13]. In the analysis of Petri
nets, the notion of upward-closed sets is closely related to the so-called property
of monotonicity which serves as the foundation for many decision procedures for
Petri net problems. What the monotonicity property says is that if a sequence
σ of transitions of a Petri net is executable from a marking (i.e., configuration)
µ ∈ Nk, then the same sequence is legitimate at any marking greater than or
equal to µ. That is, all the markings enabling σ form an upward-closed set.

In spite of the fact that the set of all the minimal elements of an upward-
closed set is always finite, such a set may not be effectively computable in gen-
eral. There are, however, certain interesting upward-closed sets for which their
⋆ Corresponding author. Research supported in part by ‘Excellent Research Projects

of National Taiwan University,’ 95R0062-AE00-05.

J. Kleijn and A. Yakovlev (Eds.): ICATPN 2007, LNCS 4546, pp. 465–483, 2007.
c⃝ Springer-Verlag Berlin Heidelberg 2007
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4 ___________  

Analyzing Workflows 

4.1    Analysis Techniques 

The introduction or modification of a business process can have 
far-reaching consequences. Because a process definition is the blueprint 
of such a process, it is vitally important that it contains no serious errors. 
The process should also be designed in such a way that the completion 
times of and capacity required for cases are kept as small as possible. 
For example, if two tasks can be carried out in parallel, it in general is 
sensible to ensure that the process allows this. After all, by "parallelizing" 
tasks, completion times usually can be reduced. Because the process def-
inition is so important, it is useful to analyze it thoroughly prior to its 
enactment. In doing so, we differentiate between the analysis of (1) the 
qualitative aspects and (2) the quantitative aspects of workflows. The 
former mainly concern the logical correctness of the defined process, that 
is, the absence of anomalies such as "deadlocks" (when a case is 
"blocked" and no longer proceeds through the process) and "livelocks" 
(when a case becomes "stuck" in a never-ending loop). The quantitative 
aspects mainly concern the performance of the defined process. An anal-
ysis of the quantitative aspects focuses upon establishing the performance 
indicators, such as average completion time, level of service, and utiliza-
tion of capacity. 

In this chapter, we shall highlight a number of analysis techniques 
which can be extremely useful in the context of workflow management 
(see figure 4.1). We first introduce a simple technique designed to illus-
trate all the states attainable in a case. We then turn our attention to the 
errors that can be made when drawing up the definition of a process. We 
will show that, based upon the structure of the underlying Petri net, we 
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