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Abstract. The previously introduced multiset language classes defined
by multiset storage automata are being explored with respect to their
closure properties and alternative characterizations.

1 Introduction

Multiset languages and their characterizations play an important role in various
areas of Theoretical Computer Science, as in Concurrency Theory or Membrane
Computing. Generative models have been investigated in [5]. For word languages
it is well known that they can be characterized by grammars as well as by
automata. Analogous automata can be introduced for multiset languages.

In addition to multiset finite automata (MFA) [1,6], multiset storage au-
tomata (MSA), the commutative counterparts of pushdown automata have been
introduced recently [7]. In this paper we continue our work on MSA especially
considering closure properties of the corresponding multiset language classes and
alternative characterizations.

After a short review of the necessary definitions in section 2 we will give
an overview of the closure properties that are known at present. An algebraic
characterization of the stated classes will be given in the following chapter.

2 Definitions

We will recapitulate the definitions of multisets together with some elementary
operations as well as multiset storage automata in two variants: one with, one
without the ability for O-testing. We define the language classes that should form
our primary concern in this paper and recall from [7] how they relate to each
other and some other classes.

Definition 1. (Multisets) If M is a set then oo : M — N is a multiset over M,
where N denotes the set of natural numbers including 0. The set of all multisets
over M is denoted by M®. If [M| < oo then M® can be identified with NIMI,
M® is a commutative monoid with operation ® and neutral element 0,7, defined
byVee M : (a® f)(x) =alz)+ B(x) and Ve € M : 0p(z) =0.



The operation © is defined by Ve € M : (a & B)(z) = max(0, a(x) — B8(z)).

The operations T und U are defined as (a U B)(z) = max(a(x), B(x)) and (an
B)(z) = min(a(x), B(x)) for all x € M, where o, 3 € M®. These operations are
carried over to subsets of M®. For A, B C M9, let

AUB={aUp|ac A, BB}, ANB={aNg|ac A, < B}.

A partial order C is given by a C 8 < Vr € M : ao(z) < f(x).
Futhermore, a C B & aC A a # (.

For A,B C M®, let
ApB={adpB|ac A, B}

and A® = UL A" with A° = {0y} and AT = A" @ A for i € N. A® is also
the smallest submonoid of M® that contains A.

If X is an alphabet, and u € X* then ¥(u) € X% denotes the Parikh vector of u
given by |ul, for x € X. If L C X* then

(L) = {¥(u) |ue L} C 2

denotes the set of all Parikh vectors of L.

We also use the notation (y) for singleton multisets i.e. (y)(z) = 0 fory # x
and (y)(y) = 1. For any set B let B = {(b) | b € B}.

Definition 2. (multiset storage automaton with 0-test)

A (nondeterministic) multiset storage automaton with O-test (MSA?) is a
structure of the form A= (Q, X, I K,Qr,Qo, L), where

Q is a finite set of states,

X a finite set of input symbols,

I a finite set of stack symbols,

K CQxX¥9xTI'®xI?%xqQ,

K2 CQx 2% x {(1)} x ((I'° & {{1)}) U{0ru(y 1) x @,

K =K UK.,

Qr C Q the set of final states,

Qo C Q the set of initial states,

L ¢ I the bottom symbol

A transition is a quintuple t = (¢, ,7,6,¢') € K.

A configuration is a triple ¢ = (q, pu, o) where g € Q, u € X%, and

o€ (I'*®{(L)}) U{0pryq1}}. Here o represents the current content of the
memory in which the symbol L occurs at most once.

An initial configuration has the form co = (qo, po, (L)) with go € Qo and

po € X9, A terminal configuration with final state has the form ¢y = (qf,0x,0)
with q5 € Qp and o € (I'® ® {(L)}) U{0pryq1}}-



A configuration of the form c; = (q,05,0pyg1}) with g € Q s called a terminal
configuration with empty stack.

A step b is a relation defined by cto ¢ iff c = (¢, p,0), ¢ = (¢, 1/, 0"), where
t=(¢,,7,0,d)EK,aCpu, o =c0v7®dd§ and ' = pn 6 a.

Additionally, if t € K1 we require y E o and if t € Ko, v = (L) = o must hold.
Note that the bottom symbol L can only be read if there are no other symbols
in the stack thus being a test for 0. Let Ffj denote the reflexive and transitive
closure of kq.

The multiset language accepted by a MSA® A with final state is defined by
MP(A) = {n € 2% | (g0, 1, (L)) F5 (45,0, 0),
@ € Qo, g5 € Qr, 0 € (I @ {{L)} U{0ruriy )}
The multiset language accepted by a MSA® A with empty stack is defined by

Mg (A) = {n e X% | (g0, p» (L)) F5 (g5,05,0r0013), 90 € Qo}

Let mSA? (mSAg) denote the class of multiset languages accepted by an MSA°
with final state (empty stack), respectively.

Definition 3. (multiset storage automaton)

A (nondeterministic) multiset storage automaton (MFA) is defined similarly
to MSA® except for the parts where the bottom symbol L is used. Therefore K,
the set of edge labels in an MSA is reduced to the set Ky and the notion of the
current memory state in a configuration is o € I'®.

In order to allow filling the memory at the beginning of a computation with
an arbitrary but fized content we additionally specify the special symbol A\ € I’
that is the only initial content of a MSA’s memory. Note that contrary to L
in a MSA®, a MSA can not test for the presence of . So an MSA is a tuple
A=(Q, X, IK,Qr,Qo, ), where Q is a set of states, X, I' are disjoint alpha-
bets, K C Q x X9 x I'Y x I'Y x Q is the set of edges, Qr and Qo are the final
and the initial states, respectively, and A\ € I' is a special symbol that is present
in the initial configuration. This leaves us at:

The multiset language accepted by a MSA A with final state is defined by

My(A) = {p € X% | (qo, 1, (D) F* (47,05,0), q € Qo, qf € Qr, 0 € '}
The multiset language accepted by a MSA A with empty stack is defined by

Mo(A) ={p e X% | (qo, 1, (A)) F* (g7,02,0r), qo € Qo}-

Let mSAf and mSAg denote the classes of multiset languages accepted by MSA
with final state and empty stack, respectively.

As already shown in [7], the following relations hold. Please refer to [2], [4] or
[7] for notations of Petri net languages.
Theorem 1. ¥(£*) C mSA¢s C mARB = V(L)) = mSA,

C mSA? = mSAJ c PsRE. 0



3 Closure Properties

Lemma 1. mSA; and mSA are closed under multiset addition .

Proof. In order to combine two automata into one that accepts the sum (&) of
the accepted languages, one can simply run them in sequence after making sure
that their memory alphabets I" are disjoint. In the case of mSA¢, one has to
add silent transitions from the final states of the first to the starting state of
the second automaton. In the case of mSAY, one needs to add silent transitions
that read L to make sure that the storage is empty, from every state of the first
automaton to the starting state of the second. a

mSA, = mARB has been known to be closed under @ as shown in [6].

Lemma 2. mSA; and mSA are closed under union U.

Proof. As for DFA any two MSA°A = (Qa,%Ya,l4,Ka,Qra,qoa,Ll)
and B=(Qp, X, 5, KB, QrB,q08, L) accepting L4 and Lp respectively, can
be combined to an automaton C' of the same type accepting L 4ULpg by introduc-
ing two silent transitions, one for each original automaton, from a newly added
starting state (goc): C = (QaWQp, XaUXB, ['4UIl's, Kc,QraUQFB, qoc, 1)
Ke =KsUKpU{(qc,05,0r,0r,q04),(90c,05,0r,0r,qop)}. Since this con-
struction does not use the 0-test it also works for MSA . O

Again, for mSAg the corresponding result has been known as shown in [6].
Lemma 3. mSA¢, mSAg and mSAg are closed under finite substitution o.

Proof. In a quasi X lettering MSA® (MSA) that accepts L, replace every transi-
tion (g, o, 7, w,q") by the set of transitions {(g, a,r,w, ¢ )|a € o(«)}. The result-
ing automaton accepts o(L). O

Lemma 4. mSAY is closed under iteration ©.

Proof. Let A= (Q, X, I,K,Qr,Qo, L) be a MSA® with MJ(A) = M. A accepts
only by a final transition ¢ = (¢, «, (L),0rug1},¢") because L must be the last
remaining symbol in the memory. For every such transition and every qg € Qo,
add to K a transition (g, o, (L), (L), qo) and let A’ be the resulting MSA®. Then
M{(A") = M®. O

Lemma 5. Let C be a class of multiset languages closed under homomorphisms,
sum and finite substitution. Let C further contain the semilinear sets. Then the
following conditions are equivalent:

a) C is closed under intersection with sets of the form {u € X% | |ula = |ulp}-
b) C is closed under intersection with semilinear sets,

¢) C is closed under intersection of any of its members,

d) C is closed under inverse homomorphisms.



Proof. We will show the implications d)=a)=-c)=b)=-d) and thereby prove the
equivalence of all four conditions.

“d)=>a)”. Let L C X% be a member of C and E = {(a) & (b)}®, where
a,be Y. Let I':= X\ {b} and h: I'® — X be the homomorphism defined by
h(a) = {(a) ® (b), h(z) =z for x € I', x # a. Then

LNE =h(h*(L)).

Therefore, the implication d)=—>a) holds.

“a)==>c)”. Let L, K C X%, where L, K € C. Let ¥ := {i | # € £} be a set of
fresh symbols. Let i : (2UX)® — X% and g : £% — 2 be the homomorphisms
defined by h(z) = z, h(Z) = 0z, g(z) = & for x € X. Furthermore, for z € X,
let B, = {p € (X UX)® | |ul, = |p|s}. Then obviously,

LmKh((L@g(K))m N Em)

zel

This proves a)=—>c).

“c)=b)”. Since C contains the semilinear sets, the implication ¢)==b) is
clear.

“b)=-d)”. Let h : ¥¥ — I'® be a homomorphism and L C I'® be a member
of C. Let A:={x € X |h(z)=0r}, and A := X\ A Write A = {z1,...,2,}.
Furthermore, let h(x;) = y; @ z; be an arbitrary decomposition such that y; € I"
and z; € I'® i = 1,...,n. Let & = {&,...,&,} be a set of fresh symbols,
I''=rus,

Let o : I'® — 2% be the substitution defined by
o) ={z}u{& € Ez=y;,1 <i<n}

To complete the construction, let g : I'® — A® the homomorphism defined by
9(&) =x; for 1 <i<nand g(x) =0, for every x € I'. Now we have

h~YL) = g(c(L)N S) @ A®.

Since S is semilinear and A® is semilinear and therefore contained in C, this
proves b)=-d). O

Table 1 gives an overview over the closure properties. Since all three classes
are closed under homomorphisms and sum, lemma 5 yields the equivalence of
closure under arbitrary intersection and closure under semilinear intersection.
We therefore omit the entry for semilinear intersection. The abbreviations h(L),
o(L) stand for arbitrary homomorphisms and finite substitution, respectively.
+ means that the class is closed under the respective operator. An empty entry
means that we don’t know yet whether the closure holds or not. The results for
mSAy, except for iteration ® were obtained in [6].



mSA¢mSAg mSAg
L1 @ L2 + + +
Li© L2 +
LiUL> + + +
LiN Lo +
LU Ls +
L1 Lo +
(L) + + +
L® +
h(L) + + +

Table 1. Closure properties

4 Algebraic characterizations

In [7], we proved the inclusion ¥(£*) C mSAy € mSAg C mSAg. In this
paper, we will give descriptions of mSAgy and mSAg in terms of mSA¢ and
mSA,, respectively. This way, we obtain conditions that are equivalent to the
strictness of the inclusions.

The classes mSAf and mSAg can be compared using the following theorem.

Theorem 2. For every L € mSAg, L C X%, there is a K € (L), K C I'®,
a semilinear set S C I'® and a homomorphism h : I'® — X% such that
L=h(KNSY).

Proof. Let L C X% be amember of mSAg = ¥ (L)) and N = (P, T, 7, X, p, po, Ry)
be a Petri net such that ¥(Ly(N)) = L. Write T" = {t1,...,t,}, let I' =
{&1,...,&} be aset of fresh symbols and p : T — I' the mapping with p(t;) = &;
for 1 < i < n. Furthermore, let h : I'® — X% the homomorphism satisfiying
h(&) = p(t;) for 1 < i < n. Let N’ be the Petri net (P,T,7,1I,p, o, Ry) and
K :=W¥(L(N").

Analogous to the free commutative monoid, we will need the free abelian
group generated by a certain set. For a set A, let A® denote the set of mappings
A — Z. Equipped with the operation +, (u + v)(a) = p(a) + v(a), A® is an
abelian group satisfiying A® C A®.

Now we can define the homomorphism § : T® — P®. For every t € T, we
set 6(t) := w1 — po, where 7(t) = (o, p1)-

Furthermore, let

S:={vel®|u+p ') € Ry}

Since §o 5! is a homomorphism I'? — P® and Ry is finite, Corollary 3 implies
that S is a semilinear set.

To complete the proof, we show that L = h(K N S), so let v € L. Then

there is a firing sequence 0 € T™* in the net N, such that uy —, p for some

w € Ry and p(¥(0)) = v. po —» p implies that p(o) € L(N') and therefore



v :=¥(p(o)) € K. On the other hand, p19 —, p implies po+90(¥(0)) = p € Ry,
S0

o +8(571 (V) = po + 8((0)) = p € Ry
and therefore v/ € S. Since ¥ o p = h oW o p, we have

v="(p(0)) = h(¥(p(0))) = h(V/),

sov e h(KNS).

Now let v € (K N S), say v = h(v') where v/ € K N S. The condition
V' € K =W¥(L(N'")) yields a firing sequence o € T* such that v/ = ¥(p(0)) and
po —¢ p for some p € PP. Since v/ € S, we have

= o+ 5(0(0)) = o + 551 (01)) € Ry
and therefore p(c)) € Ly(N). This however, implies
v =h(v) = h#(p(0))) = ¥(p(0)) € ¥(Ls(N)) = L.
O

This can be used to describe the relation between the classes mSA¢ and
mSAyg. Since mSAg¢ is closed under homomorphisms and ¥(£*) C mSAg, it is
clear that mSA¢ = mSAg if mSA¢ is closed under intersection with semilinear
sets. Furthermore, mSAj is closed under intersection with semilinear sets, this
is Lemma 7 in [6]. Therefore, the next theorem follows immediately.

Theorem 3. mSAfs = mSAyg iff mSA¢ is closed under intersection with semi-
linear sets.

For the classes mSAg and mSAg, an analogous theorem can be established.
In order to do that, we will prove the following.

Theorem 4. For every L € mSAg, there exist L;, K; € mSAyp, i = 1,...,n,
such that L =J;_, L; ® K.

The proof however, requires some preparation.

Definition 4. Let A= (Q, X, I, K,Qr,Qo, L) be an MSA®. Then the relation
=>4 on the configurations is defined as follows. (q,p,0) =>4 (¢, 0") iff
there is an (q,,7,0,q'") € K such that v,6 € I'®, y C o, u = ' ® o and
o =c6vy®5. In other words, =>4 describes exactly the steps not involving
L-edges. Now for q,q' € Q and o € I'®, let

Nalgq,0,¢") :={ne X% (¢, n,0) =% (¢,05,0r)}.

Lemma 6. Let A= (Q, X, IK,QF,Qo, L) be an MSA® and q,q' € Q, 0 € I'®.
Then Na(q,0,q") € mSAg.

Proof. Construct an MSA B =(Q, X, I, K’',{q'},{q}, D), where
KI = {(Q17a773 57(12) eEK | A F®} U {(QaOEa <A>70F7Q)}
Then obviously, Na(q,0,q") = My(B). O



Lemma 7. For every L € mSAY, there is an R € mREG and a mSAg-
substitution' o such that L = o(R).

Proof. Let L = MJ(A) with A = (Q, X, I, K,Qr,Qo, L). Every calculation of
A can be decomposed into phases, seperated by 1-steps. A L-step is a step
involving a l-edge and a phase is a sequence of non-l-steps. In the MFA
B = (Q,~Y,Q%,q, K'), every state-transition either represents a phase or a
L -step. Therefore, it contains two kinds of states and two kinds of edges.

The set of states is constructed as follows. Every state in Q) either corre-
sponds to the initial configuration of A or to a configuration reached after a
1 -step:

Qv :={(d,0) 3¢ Q,ne X?: (q,n,(L),6,4¢)c K}
U {(g; (L)) | ¢ € Qo}-

The states in Q% correspond to configurations obtained by executing a phase
and having stack content (L) or Op. Thus, the states in Q% correspond to those
configurations entered by |-edges:

Q3 :=={(a,0r), (¢, (L)) e € Q}.

Now Q' := Q) U Q5 and Q% := {(¢,0r) | ¢ € Qr}.

To account for the different types of actions simulated by the edges, the input
alphabet of the MFA is also split into two parts. X'; contains the symbols written
on phase-edges:

2 :={(¢,0,¢') | (¢,0) € Q1,¢" € Q},

The edges that simulate 1-steps are labeled with symbols from Y. Therefore
Y=, ux.

The set K’ of edges is K/ = K| U KJ. Thereby, K| contains the edges simu-
lating the phases, while those in K simulate the |-steps:

K1 = {((¢g; (L) ®9). (¢:6,¢), (¢',(L))) | (2:6) € Q1. ¢ €Q},

Ky :={((q, (L)), w, (¢',9)) [ (g, (L), 6,q') € K}

To complete the construction, the substitution ¢ is defined. The symbols
in Y, are mapped to sets of multisets that can be read while executing a
phase (i.e. languages of the form Na(q,9,q")): 0((q,9,4¢")) := Na(q,d,q") for all
(g,9,q") € X1. Since the edges simulating |-steps are labeled with the symbols
read by the corresponding edge in A, this can be carried over to the substitution:
o(a) = {a} for all a € X. Now for every z € X', it is o(z) € mSAyp, so o is a
mSAg-substitution. Furthermore, it is obvious that o(R) = L. O

Now we are ready to prove Theorem 4.

! a substitution o : ' — 2% with o(r) € mSAg for all z € X', if L C X% and
RCX'®



Proof (Theorem 4). Apply Lemma 7 and write L = o(R) where R € mREG,
R CI'®, and o is an mSAg-substitution. Since R is semilinear, it is

R= U{%} S {Yis s Yik

i=1

for certain x;,y; ; € I'% 1<i<n,1<j<k. The closure of mSAq against
addition and union implies that there are K;, L, € mSAg, 1 < i < n, such that
o(x;) = K; and o({yi1,---, ik }) = Li. With these, it follows

L=0oR)=|JK oL}
i=1

O

Since mSAj is closed under sum and union, it is clear that mSAg = mSAg
if mSAyg is closed under iteration. Furthermore, mSAY is closed unter iteration
and therefore the converse also holds.

Corollary 1. mSAy = mSAJ iff mSAy is closed under iteration.

Theorem 4 also yields a useful property of mSAg. Since every language
over one symbol in mSAg = W(L)) is regular, as shown in [3], and the class
of regular languages is closed under iteration, sum and union, we obtain the
following corollary.

Corollary 2. FEvery language in mSAg over one symbol is regular.

5 Conclusion

So far we did not consider the deterministic versions of multiset automata. Sev-
eral different variants of such are possible. The investigation of such deterministic
multiset finite and storage automata will be given in another paper.
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A  Commutative Monoids

This section contains some information about commutative monoids needed in
section 4. For a commutative monoid M, we use + as the symbol for its operation,
if there is no danger of confusion. Furthermore, for a subset ' C M, by T we
denote the submonoid of M generated by T' (i.e. the smallest submonoid of M
containing T'). The relation C is also generalized to commutative monoids: If M
is a commutative monoid and m,m’ € M, we write m C m’ iff there isan € M
such that m’ = m + n.

Definition 5. Let M be a commutative monoid. A set S C M 1is called lower
bound for T C M, iff S C T\ {0} and for every t € T \ {0} there is an s € S
with s C t.

Lemma 8. Every set S C N* has a finite lower bound with respect to C.

Proof. We construct the finite lower bound by an induction on k. The case k = 1
is trivial, so let £ > 1. Choose an element = (z1,...,x%) € S\ {0}. We will
need the index set

I={(i,j) eN*|1<i<k, 0<j <z}

Now let
Si’j = {tES ‘ t; :j}, (Z,j) el

and consider the mapping
i S — NF=L (i,5) el
cpiyj(tl, constk) = (b1, tict tipay ey te).

Obviously, ¢; ; is an injective homomorphism that satisfies

tCt = 0i;(t) Cpiy(t)
for all t,t' € S; ;. By induction hypothesis, for every set

T, = ¢ij(Siy) SN

we can find a finite lower bound 7} ;. We will show that the finite set

S ={zyu |J ¢ (1)

(i,9)el

is a lower bound of S. Therefore, s € S is arbitrarily chosen with x Z s. Then,
there is an index ¢ with j := s; < z;, i.e. s € 5 ;. TZ’j now contains an element

s with s’ C ¢; ;(s), hence we have s J cp;jl(s’) € gai_,jl(Ti”j) cs. 0

Definition 6. Let M be a commutative monoid. A subset S C M 1is called
quasi-invertible iff b € S holds whenever a,b € M satisfy a € S anda+be S.



For example, every kernel of a homomorphism is a quasi-invertible sub-
monoid. Or, slightly more general, if h : M — M’ is a homomorphism of
commutative monoids and S C M’ is quasi-invertible, then h=1(S) C M is
quasi-invertible as well.

Lemma 9. Let M be a finitely generated commutative monoid and S € M a
quasi-invertible submonoid. Then S is finitely generated.

Proof. Since M is finitely generated, there exists a surjective homomorphism
h : N¥ — M for some k. Therefore, it suffices to show that T := h~%(S) is
finitely generated.

It is easily seen that T is quasi-invertible. Furthermore, with Lemma 8 we
can find a finite lower bound 7" for T. We will show that 7" generates T. Let
t € T and k = |t|. An induction on k will prove ¢ € T"®. In the case k = 1 we
have t € T" and for k > 1 there is a t' € T’ with ¢’ C t. Thus there is a ¢/ € N*
with ¢ = ¢ +¢" and |t”| < k. Since T is quasi-invertible, we have t € T Hence,
the induction hypothesis implies ¢/ € T"®, and therefore t = ' +t"” € T'®. Thus
T=T°. i

Theorem 5. Let M be a finitely generated commutative monoid, G an abelian
group and ¢ : M — G a homomorphism. Then for every g € G, the set S =
0~ (g) is semilinear.

Proof. Let S’ be a finite lower bound for S. Since the kernel of ¢ is a quasi-
invertible submonoid of M, it is finitely generated: ker ¢ = F'® for some finite
set F' C ker . We claim that

S=J{z}+F°. (1)

zeS’

Let s € S be arbitrary. Since S’ is lower bound, there is an x € S’ such that
x C s, so there is a y € M such that s = x + y. Since x € S, we have p(z) =b
which implies
b+ e(y) = plz+y) =p(s) =b,
so p(y) =0and y € F®.
For z € §' and y € F®, we have

p(+y)=w(x)+ely) =b,
so x +y € S. Therefore equation (1) holds and S is semilinear. O

Corollary 3. Let M be a finitely generated commutative monoid, G an abelian
group and ¢ : M — G a homomorphism. Then for every go € G and every finite
subset H C G, the set S ={m € M | go + ¢(m) € H} is semilinear.

Proof. Let H' be the finite set {g — go | ¢ € H}. Then ¢~!(h) is semilinear for
every h € H' and therefore S = |J, . ¢~ ' (h) is semilinear as a finite union of
semilinear sets. O



